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ABSTRACT: We put forward a scheme for bridging the length and time scales for soft composite materials
consisting of high functionality star polymers and chemically identical polymer chains of smaller size, dissolved
into a good or athermal solvent. By employing monomer-level computer simulations and invoking arguments
from scaling and Flory theory, we derive realistic effective interactions between the star centers and the midpoint
of the chains, which are used as effective coordinates for the mesoscopic description of such mixtures. On the
basis of these interactions, we analyze the macroscopic behavior of the same, finding good agreement with
previously published experimental results regarding the structure and rheology of this novel type of composite
materials. The added chains lead to cluster formation between the stars in a dilute star solution and bring about
melting of the star glass at high concentrations of the same. An intriguing insensitivity of the chain-modified
star-star effective interaction on the linear polymer concentration is discovered, and the implications of this
property are critically discussed.

I. Introduction

Soft, composite materials are physical systems of great
theoretical interest and enormous potential technological rel-
evance. Probably the simplest such system that has been
extensively studied is a mixture between hard, impenetrable
colloids and nonadsorbing polymer chains, which features an
extremely rich phenomenology, both in and out of equilibrium.1,2

In model colloid-polymer mixtures, all the physics is dictated
by entropy: the colloids are modeled as hard spheres and the
polymers as self-avoiding chains;3 thus, all effective interactions
scale linearly with thermal energy. Most of the physics of
colloid-polymer mixtures can be captured by the depletion
mechanism, which amounts to the fact that two colloids brought
at a surface-to-surface distance smaller than the polymer size
are pushed together by the unbalanced osmotic pressure of the
polymer solution. This allows for the modeling of colloids in a
polymer bath as “sticky spheres”.

In colloid-polymer mixtures, the crucial physical character-
istic that dictates the quantitative features of the depletion
attraction is the impenetrability of the colloids to the polymers
as well as the hard-sphere character of the colloid-colloid
interaction itself. A whole new range of possibilities to tune
and steer the behavior of composite materials arises when the
hard colloids are replaced by soft ones. One example are charge-
stabilized colloidal mixtures, which can be modeled as Yukawa
mixtures with varying amplitudes and decay lengths.4 Another
example of soft colloids are star polymers withf arms
(functionality), which display enormous richness in their equi-
librium and rheological properties.5,6 Adding homopolymer
chains in a star polymer mixture is a process that can bring
about drastic changes in the behavior of the solution in a well-
defined way: the partial concentrations of the two components,
the functionalityf, and the linear-to-star polymer size ratio are
experimental quantities that can be accurately controlled. In this
work, we present a coarse-grained description of such mixtures,
based on the derivation and application of effective interactions.
We coarse-grain the chains around their mid-monomer and the
stars around their center and develop an accurate theoretical
model for the star-chain interaction, whose validity is confirmed
by comparison with computer simulations. We analyze the

salient properties of star-linear mixtures on the basis of the
effective interactions, focusing on cluster formation and rheology
control (glass melting through polymer additives).

The rest of this paper is organized as follows. In section II
we discuss the effective interactions between particles of the
same species, and in section III we present the simulation and
theoretical approaches to derive accurate effective interactions
between unlike species for arbitrary star functionalities and size
ratios. In section IV we turn then our attention to the study of
the properties of many-body star-linear mixtures, based on the
coarse-grained interactions introduced before. We analyze the
effect of the chains on the star structure and dynamics at the
two extremes: low and high star concentration. Finally, in
section V we summarize and draw our conclusions.

II. Star -Star and Chain-Chain Interactions

The strategy employed throughout this work is that ofcoarse-
graining of both components, the stars and the linear chains
(coded with the subscripts “s” and “c”, respectively, in what
follows.) In this approach, which enables us to form a bridge
between the microscopic and the mesoscopic scales, suitable
coordinates that characterize the star and the chain as a whole
are chosen, and all the remaining fluctuations of the mono-
mers are traced out in a well-defined statistical mechanical
fashion.7 In particular, the effective coordinates are kept fixed
in any prescribed configuration, and the restricted, canonical
partition function of all the remaining ones is (approximately)
calculated. To simplify the situation, suppose that we are having
only two mesoscopic particles (regardless of their type) in the
system and letr1,2 denote thefixed position vectors of their
respective effective coordinate. Denote asZRâ(r1,r2) the afore-
mentioned restricted partition function, whereR,â ) c,s. The
quantity of interest is then the effective interactionVRâ(r1,r2),
defined as

with Boltzmann’s constantkB and the absolute temperatureT.
We also define hereâ ) (kBT)-1 for future reference. In other

VRâ(r1,r2) ) -kBT ln[ ZRâ(r1,r2)

ZRâ(|r1 - r2|) f ∞] (1)
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words, the effective interaction is the free energy cost
for bringing the two particles from infinity to their pre-
scribed positionsr1 andr2. When averaging over all but a single
effective coordinate of a macromolecule and there are only two
such present, we haveVRâ(r1,r2) ) VRâ(r), wherer ) |r1 - r2|.
In general, many-body effective terms result from the
process of coarse-graining, but they are ignored in the pair-
potential approximation. In a system containingNs stars and
Nc chains, the total effective potential energyU reads then
as

Hence, both species, stars and chains, are figured as soft
spheres interacting with the corresponding soft potentialsVRâ-
(r).

The natural question that arises is, which coordinates should
be chosen as effective ones? For the star polymers, and in
particular in the case of high functionalityf, the position of their
central particle, on which all chains are grafted, is the natural
one. The corresponding effective interactionVsshas been derived
a long time ago,8,9 and its validity has been confirmed through
extensive comparisons with scattering data9,10 and computer
simulations.11 It reads as9

Here,σs is the corona diameter of the star. The distanceσs/2
marks the crossover between the inner part of the macromol-
ecule, where the latter resembles a semidilute polymer solution
and the outer part, in which loose chains form a local, dilute
solution.9 The Yukawa part of the interaction decays with the
characteristic length 2σs/xf, set by the diameter of the outer-
most star blob. Monomer-resolved computer simulations have
shown that the relationσs = 4/3Rg

(s) holds, whereRg
(s) is the

radius of gyration of the star polymer.
The choice of the effective coordinate for the linear chains

is less obvious. At least three possibilities have been employed
repeatedly in the literature. Witten and Pincus8 considered the
coordinate of the end monomer as an effective one that
characterizes the whole chain. In computer simulations12-19 and
field-theoretical approaches12 the polymer’s center of mass is
an often-used coordinate, resulting into a Gaussian effective
interaction of strength∼ 2kBT and range set by the chain’s
radius of gyration,Rg

(c). Finally, another alternative is given by
choosing the central monomer as an effective coordinate, a
choice that is more symmetric than that of the end monomer.12,20

The latter choice establishes a certain symmetry between
multiarm star polymers and linear chains, since a chain of
polymerization Nc now becomes equivalent to a star of
functionality f ) 2 and polymerizationNc/2 per arm. Accord-
ingly, this is the choice we follow throughout this work. In this
representation, the effective interaction between the polymer
chains has been calculated by theory and simulation in

ref 20. The interaction energy between two polymer chains as
a function of the distancer between their central monomers is
given by

As for multiarm stars, the scaleσc satisfies the relation20 σc )
4/3Rg

(c). The parameterτ is given byτσc ) 1.03, a choice that
guarantees the correct value of the second virial coefficient of
a polymer solution.20 The similarity between high-f (f J 10)
stars and linear chains (f ) 2) is manifest by comparing the
interactions of eqs 3 and 4. Both feature a logarithmic divergence
for close approaches, scaling with the prefactor (5/18)f 3/2. This
feature arises from general scaling considerations, as will be
demonstrated shortly. However, the type of decay for larger
separations is different: a Yukawa-type decay holds for
multiarm stars, whereas a Gauss-type decay is valid for linear
chains. The physical reason for this difference lies in the fact
that high-f stars feature geometric blobs in their exterior, which
arise from the crowding of thef chains in a sphere. The size of
the outermost blob sets the scale for the decay of the Yukawa
part of the potential.9 Such blobs are absent in linear chains,
and the interaction decays in a different way, which is much
better modeled by a Gaussian.20

Evidently, it remains to specify the cross-interactionVsc(r)
in order to have a full, mesoscopic description of the mixture.
In refs 23-25, in which star-chain mixtures have also been
considered, the approach of using the chain’s center of mass as
effective coordinate has been adopted. Accordingly, the chain-
chain interaction was modeled by a Gaussian,19 and for the
cross-interaction a heuristic power-law form with additive length
scale was assumed. That modeling led to a satisfactory descrip-
tion of experimental observations. Here, however, we aim at a
realistic modeling of the cross-interaction, and thus a more
detailed analysis is necessary, also in view of the fact that a
different effective coordinate (the central monomer) is used to
coarse-grain the linear polymer. This is the subject of the
following section.

III. Star -Chain Interactions

A. Molecular Dynamics Simulations.One strategy leading
to the determination of the unknown interactionVcs(r) is to
employ computer simulations. These also serve as a stringent
test for theoretical approximations. Computer simulations are,
at the same time, limited by the degree of polymerizationN
and the star functionalityf that can be simulated. For this
purpose, we limited ourselves to moderate values of these
parameters and subsequently compared the simulation results
with those from theory. The excellent agreement between the
two allows us then to apply the theoretical approach to arbitrary
star functionalities.

We performed molecular dynamics (MD) simulations in
which each monomer is resolved and calculated the effective
forceFsc(r) acting on the star center in the presence of a chain
whose own central monomer is held at distancer from the
former; clearly,Fcs(r) ) -Fsc(r), and the relation toVsc(r)
reads as

U ) ∑
i<j

Ns

∑
j)1

Ns

Vss(|r i - r j|) + ∑
i<j

Nc

∑
j)1

Nc

Vcc(|r i - r j|) +

∑
i)1

Ns

∑
j)1

Nc

Vsc(|r i - r j|) (2)

âVss(r) ) 5
18

f 3/2 ×

{-ln( r
σs

) + 1

1 + xf/2
for r e σs

1

1 + xf/2

σs

r
exp[-

xf
2σs

(r - σs)] else
(3)

âVcc(r) ) 5
18

23/2{-ln( r
σc

) + 1

2τ2σc
2 for r eσc

1

2τ2σc
2

exp[-τ2(r2 - σc
2)] else

(4)

Fcs(r) ) -
∂Vsc(r)

∂r
r̂ (5)
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where we position the star at the origin and the mid-monomer
of the chain atr ) r r̂ . The simulation model employed is the
same used in various previous studies of star polymers and
polymer chains.11,21In order to mimic good solvent conditions,
all monomers interact with each other via a purely repulsive
and truncated Lennard-Jones potential, namely

Here,σLJ is the monomer size andε sets the energy scale. As
in previous simulations,11 we usekBT ) 1.2ε. The monomer
massm is also taken as unitary, setting thereby the time scale
of the MD simulation asτMD ) (mσLJ

2/ε)1/2. Connected
monomers along each star arm and along the chain experience
an additional bonding interaction, expressed by the finite
extensible nonlinear elastic potential (FENE):

whereR0 ) 1.5σLJ.
Because of the high monomer concentration in the center of

the star, a hard core with radiusRd is introduced.11 The
interaction between the core and the monomers is the same as
between the monomers, but shifted by a distanceRd of
microscopic order; all parameters are summarized in Table 1.
The effective forceFsc(r) above is then simply the average
over all microscopic forces acting on the center of the star.7,11

We simulated three different pairs consisting of one star and
one chain; the parameter combinations are given in Table 1.
The equations of motion were integrated using a time step∆t
) 2 × 10-3τMD. For every different separationr, the system
was first equilibrated during 106 timesteps, and up to an
additional 5× 107 timesteps were used to gather the statistics.
During equilibration, we couple the system to a heat bath22

that acts as a thermostat, which is switched off at the end of
equilibration time. A typical simulation snapshot is shown
in Figure 1. The results from the MD simulations will be
discussed in what follows, in conjunction with the theoretical
modeling.

B. Theory of the Star-Linear Effective Interaction. In
developing a theoretical approach for the unknown quantity
Vsc(r), two different regimes for the interparticle separationr
must be considered. When the two are sufficiently close together,
r j (σs + σc)/2, analytical considerations from scaling theory
can be employed. We denote this range of separations as the
scaling regime, whereas the domainr J (σs + σc)/2 defines
the weak overlap regime.

1. The Scaling Regime.In the scaling regime, we can invoke
arguments from scaling theory.26 The partition functionZ1 of a
linear chain withN monomers scales as

where the fugacityz is a quantity depending on microscopic
details, but the Flory exponentν = 3/5 and the exponentη2 are
universal for all polymers in good solvent conditions. Equation
8 can be generalized tof-arm stars and reads as

with the family of exponentsηf being known from renormal-
ization group analysis and simulations27 and scaling asηf ∼
-f 3/2 for f > 1. Note that eqs 8 and 9 immediately imply that
η1 ) 0. At the same time, it can be seen that a linear chain
can be simultaneously seen as a star withf ) 1 arm andN
monomers (end-monomer representation) or as a star with
f ) 2 andN/2 monomers (mid-monomer representation): the
partition functions Z1(N) and Z2(N/2) have the sameN
dependence.

When two stars with different functionalities,f1 and f2, are
brought to a small separationr of the order of the monomer
lengtha, their partition function takes the form

which reflects the fact that two stars held close together resemble
a new star with functionalityf1 + f2. HereN stands for either
N1 or N2, supposing that the two are not too dissimilar, so that
the radii of the two stars, which scale asNi

ν, can be identified
with a single length scaleR ∼ Ni

ν. When r f ∞, Zf1f2(N1,N2)
factorizes into the partition functions of the individual compo-
nents,Zf1f2(N1,N2) ) Zf1(N1) Zf2(N2).

At the same time, since the monomer length scale is irrelevant
for scaling arguments, the only remaining length is the
aforementioned star sizeR. On dimensional grounds, the
partition functionZf1f2(N1,N2) must take the form

with some unknown functionBf1f2(r/R). Taking into account eq
9, eqs 10 and 11 imply that

Table 1. List of the Parameters of the Simulated Systemsa

f Ns Nc Rg
(s)/σLJ Rg

(c)/σLJ σs/σLJ σc/σLJ Rd/σLJ

20 50 40 11.6 4.36 15.46 5.82 0.5
35 50 40 12.6 4.36 16.8 5.82 0.5
50 100 200 20.2 11.9 27 15.8 0.5

100 50 200 15.1 11.9 20.1 15.8 0.8

a The corona diametersσR (R ) s,c) were taken to be 4/3 of the respective
radii of gyration,Rg

(R), as discussed in the text.

Figure 1. Simulation snapshot of a star polymer withf ) 35 arms
andNs ) 50 monomers (dark beads) per chain and a linear chain with
Nc ) 40 monomers (light gray beads) at a center-to-center distancer
) 10σLJ.

VLJ(r) ) {4ε[(σLJ

r )12

- (σLJ

r )6

+ 1
4] for r e 21/6σLJ

0 else
(6)

VFENE(r) ) {-15ε(R0

σLJ
)2

ln[1 - ( r
R0

)2] for r < R0

∞ else
(7)

Z1(N) ∼ zNN-νη2 (8)

Zf(N) ∼ zfNNν(ηf-fη2) (9)

Zf1f2
(r;N1,N2) ∼ Cf1f2

(r) Zf1+f2
(N) (10)

Zf1f2
(r;N1,N2) ∼ Bf1f2

(r/R)Zf1
Zf2

(11)

Bf1f2
(r/R) ∼ N-νθf1f2 (12)
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with

Taking into account the scalingR ∼ Nν, we see that eq 12 can
be fulfilled only if the functionB(z) is a power law ofz: B(z)
∼ zθf1f2. Finally, eq 11 is written as

Combined with the definition of the effective interaction, eq 1,
the last equation gives the asymptotic behavior ofVf1f2(r) for
small r as âVf1f2(r) ∼ -θ ln(r/R). Inserting the scalingηf ∼
-f 3/2, we obtain therefore

with some unknown constantsR andK. The constantR can be
fixed by requiring thatVf1f2 reduces to eq 3 in the casef1 ) f2
) f. Thereby, we obtain

where

Equation 16 is the expression that we adopt for small star-
chain separations, settingf1 ) f andf2 ) 2. It remains to specify
what is meant by “short”. The scaling argument above holds
for separationsr of the order of the monomer length. However,
monomers of lengtha can be regrouped into effective ones with
increased length,a f λa, provided one simultaneously rescales
the polymerization,N f λ-1/νN, thereby increasing the range
of validity of the asymptotic regime. Clearly, this procedure
can be carried until the rescaled monomer length has reached a
size of the order of the gyration radius. We expect, thus, eq 16
to hold for r j R, and in the following we will test this
assumption. A consequence of eq 16 is that the forceFcs(r) )
r̂ ‚Fcs(r) (see eq 5) takes the form

implying that the inverse force scales linearly withr.
In Figure 2 we show a comparison of the results from the

computer simulations and scaling theory regarding the inverse
force. It can be seen that the scaling regime holds up to a
separationσsc ) (σs + σc)/2; i.e., the cross-diameter for the
logarithmic interaction is additive. Thus, we write the star-
chain effective potential as

with an additive constantKh to be fixed later. It remains thus to
determine the interaction in the weak overlapping regime,r >
σsc.

2. The Weak OVerlapping Regime.For large separations
between the star center and the central monomer of the chain,
we use a simple Flory-type approach, which has been shown
to yield accurate results for dendritic macromolecules.28,29The

interaction energy between the star and chain is now estimated
by a simple overlap integral between the undisturbed density
profiles of the two objects. This is justified, since we use this
theoretic approach only for large distances, we assume that the
density profiles are the profiles of the two objects for an infinite
separation. Thus,Vsc(r) reads as

Here,cs(r) andcc(r) are the density profiles of the star and chain,
respectively, andV(r) is the monomer interaction. The interaction
between the monomers is approximated by aδ-function:30-32

whereV0 has the dimension of a volume and is called excluded
volume parameter. Using this interaction in eq 20, we obtain

The modeling of the density profile of the star polymers is
based on the considerations in ref 20. According to the blob
model of star polymers by Daoud and Cotton,33 for sufficiently
long arms the largest part of the star in good solvent conditions
the monomer density follows a power law:

The lengthσs/2 is the radius from the star center up to which
the scaling eq 23 holds. Outside of this region there is a layer
of free rest chains. In ref 20, it was found that the local osmotic
pressure in the outer region takes the form

whereκ is a fit parameter of the order 1/Rg
(s) and

In this outer region, the monomer density is very low, and the
region can be locally seen as a dilute polymer solution.

Figure 2. Inverse forceFcs(r) ) r̂ ‚Fcs(r) (see eq 5) between stars of
different functionalities and chains of different lengths, as indicated in
the legend. The symbols denote simulation results, shifted by the star
core, whereas the lines are the predictions of the theory according to
eq 18. The slope in the linear part is in agreement with the theoretical
description, but the scaling breaks down for separationsr > σsc.

âVsc(r) ) â∫∫d3r′ d3r′′ cs(r′) cc(|r ′′ - r |)V(|r ′ - r ′′|)
(20)

âV(|r ′ - r ′′|) ) V0δ(r ′ - r ′′) (21)

âV(r) ) V0∫d3r′ cc(r′) cs(|r ′ - r |) (22)

cs(r) ∼ r-4/3 (23)

Π(r) ∝ (1

r2
+ 2κ

2) ú
σs

exp{-κ
2[r2 - (σs/2)2]} (24)

ú ) 1

1 + κ
2σs

2/2

θf1f2
) ηf1

+ ηf2
- ηf1+f2

(13)

Zf1f2
(r;N1,N2) ) ( r

R)θf1f2
Zf1

Zf2
(14)

âVf1f2
(r) ) -R[(f1 + f2)

3/2 - (f1
3/2 + f2

3/2)] ln( r
R) + K

(15)

âVf1f2
(r) ) -Θf1f2

ln( r
R) + K (16)

Θf1f2
) 5

36
1

x2 - 1
[(f1 + f2)

3/2 - (f1
3/2 + f2

3/2)] (17)

âFsc(r) )
Θf2

r
(18)

âVsc(r) ) -Θf2
ln( r

σsc
) + Kh for r e σsc (19)
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Therefore,c ∝ Π, and the resulting density profile of a single
star is then given by

The profile is continuous atr ) σs. The prefactorA is
determined by the mass conservation condition:

Equation 25 satisfies known conditions from scaling theory.
First, sinceA ∝ f andσs ∼ af 1/5, for fixed Ns, it yields cs(r) ∝
r-4/3f 2/3 for r < σs. Subsequently, the relationΠ ∝ c9/4 in the
semidilute regime formed in the star interior yieldsΠ(r) ∝
r-3f 3/2 there.

In Figure 3, we show a comparison between the theoretical
model for the star density profiles and the simulation results.
There is a single fitting parameter, namelyκ which must be of
the order of 1/Rg

(s). Indeed, the fit shown in Figure 3 was
achieved for a valueκRg

(s) ) 0.95 for all three cases. Subse-
quently, we employ this value for all stars modeled in the theory.
Apart from a region close to the grafting core, in which the
local steric-induced ordering of the monomers causes oscillations
in the density profile, the agreement is good. Notice, in any
rate, that we are going to make use of the profiles only in their
outermost domain, since the interaction for short distances is
given by the scaling form, eq 19.

For the linear polymer chains, we model the profile
cc(r) around the mid-monomer in the same way as for the
stars, since in the inner region theory again predicts ar-4/3

scaling,34,35and in the outer region we expect some exponential

decay. Only the normalization condition changes and reads
now as

Again κRg
(c) ) 0.95 was employed. The comparison of the

model and the simulation data is shown in Figure 4.
Using these density profiles, we can now calculate effective

interactions between the two macromolecular objects forr >
σsc. Note that the only remaining free parameter in the theory
is the excluded volume parameterV0. This, along with the
additive constantKh in eq 19, is uniquely determined by the
requirements that both the interactionVsc(r) and its first
derivative with respect tor be continuous at the matching point
r ) σsc. The resulting values forV0 are shown in Table 2. In
Figure 5, we show the comparisons between the effective forces
obtained in the MD simulations and the ones resulting from
the above theoretical modeling, for which the force is given by
eq 5. It can be seen that for the first three combinations there
is excellent agreement between the two, whereas for the fourth
one the agreement is still good. It should be pointed out,
however, that for a star withf ) 100 andN ) 50 there is an
inner region with strongly stretched monomers and that the size
ratio with the associated chain isê ) 0.8 (see Table 1), which
is larger than the size ratiosê e 0.5 considered in this work.
The agreement between theory and simulations for the para-
meter combinations considered gives confidence in the theoreti-
cal modeling of the profiles and the associated effective
interaction.

We now need to provide a general scheme for the consistent
calculation ofVsc(r) for arbitrary functionalitiesf and size ratios
ê, defined as

Figure 3. Monomer density profilescs(r) of three different star polymers. Each panel shows a comparison of the simulation results and the
theoretical modeling according to eq 25. (a)f ) 20, Ns ) 50; (b) f ) 35, Ns ) 50; and (c)f ) 50, Ns ) 100.

cs(r) ) A ×

{r-4/3(σs/2)-5/3 for r e σs/2

(1

r2
+ 2κ

2) ú
σs/2

exp{-κ
2[r2 - (σs/2)2]} else

(25)

Nsf ) ∫d3r cs(r) (26)

Nc ) ∫d3r cc(r) (27)

ê )
σc

σs
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Here, a difficulty arises at first, since, in a mesoscopic
description, the degrees of polymerizationNs andNc of the star
and the chain should drop out of sight, and they should enter
the effective interactions solely through the dependence of the
scalesσs,c on them, namely30,36

and

At the same time, explicit values forNs,c are required for the
normalization conditions of the density profiles. It appears that
one obtains, then, different effective interactions for different
Ns,c values at fixedê and f. The problem, however, is only an
apparent one, and it is removed because the part of the effective
interaction forr < σsc provides a strong constraint. One may
choose some arbitrary (large) value forNs and subsequently
determine uniquely the corresponding value ofNc from the given
size ratioê and eqs 28 and 29. Using these scaling relations
and calculating the convolution integral from eq 22, one finds
that the effective interactionVsc(r) in the regionr > σsc scales
proportionally to Ṽ ) V0Ns

1/5 and that the remaining factor
depends only on the scaled separationx ) r/σsc. This expression,
and its derivative, have to be matched with eq 19, valid in the
strong overlap region, atx ) 1. The latter, however, depends
exclusively onx, without any additional dependence onNs.
Therefore,Ṽ turnsNs-independent. This property gives aNs

-1/5

dependence onV0, which shows that the latter should not be
interpreted literally as the true monomer-monomer excluded
volume but rather as a parameter that allows the smooth
crossover from the scaling to the weak-overlapping regimes.
To put it differently, one can assume justany degree of
polymerization for the star. The scaling expression, eq 19, will
then force the effective interaction to lose any explicit depen-
dence onNs also in theoutsideregion, as long as it is expressed
in terms of the scaled variablex ) r/σsc, as should indeed be
the case. The only dependence of the interaction onNs andNc

comes implicitly through the dependence of the length scales
σs, σc, andσsc ) (σs + σc)/2 on these quantities (see eqs 28
and 29).

IV. The Many-Body Problem

Having now obtained the star-star, star-chain, and chain-
chain effective interactions, we can turn our attention to finite
mixture concentrations, employing for the coarse-grained de-
scription of the mixture the effective potential energy function
of eq 2. The associated physical parameters are the star
functionality f as well as the chain-to-star size ratioê; the
relevant thermodynamic parameters are the two partial densities
FR ) NR/Ω, R ) c,s, whereNc,s denote the numbers of stars
and chains, respectively, enclosed in the macroscopic volume
Ω. For the calculation of the pair structure, the sought-for
quantities are the corresponding partial distribution functions
gRâ(r) or, equivalently, the partial structure factorsSRâ(k),
defined as37

The distribution functions have been calculated by employing
standard tools from integral equation theory. In particular, we
solved the two-component Ornstein-Zernike equation7,37comple-
mented with the Rogers-Young closure.38

A. Mixtures at Low Star Concentrations. 1. Chain-
Modified Star-Star Interaction.We can make one more step
in the coarse-graining process and integrate out the linear chains,
describing thereby the system as an effective, one-component
star solution. In this way, the star-star interactionVss(r) gets
renormalized, and a higher-level effective interaction between
the stars,Veff(r), arises, which depends onf, size ratio, and, most
importantly, the chain concentrationFc. In this way, we can
gain insight into the ways of modifying the behavior of a
concentrated star solution by changing any of the above
characteristics of the linear additives. The quantityVeff(r) can
be obtained within the framework of two-component integral
equations. Starting from the radial distribution function in the
limit of infinite dilution of star polymers, the effective interaction
between them in the presence of polymer chains is given by39

and depends parametrically on the (reservoir) density of the
linear chains.

In Figure 6, we show the dependence of the effective
interaction on the properties of the added polymer, taking now
a typical experimental functionalityf ) 73 as a representative.

Figure 4. Monomer density profilescc(r) of two different polymer chains. Each panel shows a comparison of the simulation results and the
theoretical modeling. (a)Nc ) 40; (b) Nc ) 200.

Table 2. List of the Parameters of the Simulated Systemsa

f Ns Nc V0σLJ
3

20 50 40 0.957
35 50 40 0.955
50 100 200 0.445

100 50 200 0.546

a The excluded volume parameterV0 is determined by the condition that
the force be continuous atr ) σsc.

σs ∼ f 1/5Ns
3/5 (28)

σc ∼ Nc
3/5 (29)

SRâ(k) ) δRâ + xFRFâ∫d3r [gRâ(r) - 1] exp(-ik‚r )
(30)

Veff(r; Fc) ) - lim
Fsf0

ln gss(r; Fs,Fc) (31)
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It is instructive to see how different the effect of the linear
additives is depending on the size ratioê. For ê ) 0.1 (Figure
6a), the addition of polymer chains leads first to a weakening
of the repulsion between the stars, until a strong depletion
attraction is induced. Notice that the chain density in the legend
is expressed in units of the chain size; it lies well below its
overlap value, but it is nevertheless large when expressed in
units of the star size, as it gets multiplied by a factorê-3. A
attractive part develops, which is due to the osmotic pressure
of the many small chains pushing the two stars together, a
depletion phenomenon well-known also from the case of
colloid-polymer mixture. This attraction is devoid of any
significant secondary maximum (hump) at larger separations
and can lead to a star-chain demixing transition. In the
intermediate region of size ratios,ê ) 0.3, shown in Figure 6b,
the resulting interaction displays a competition of short-range
attractions and long-range repulsions, which lead to the forma-
tion of finite equilibrium clusters, to be discussed below. Here,
the presence of the repulsive hump plays the decisive role in
stabilizing the multistar aggregates.24,25

An unusual feature develops for the case of the largest size
ratio considered,ê ) 0.5, shown in Figure 6c. The chains bring
about no attraction between the stars, only a reduction of the
repulsion range. The striking effect, however, lies in the fact
that beyond the overlap density of the chains,Fc

/ σc
3 ≈ 1, the

interaction remains virtually unchanged by the addition of more
chains. The phenomenon is unknown for the usual cases of
colloid-polymer or colloid-colloid depletion, for which the
effective potential has a strong dependence on the depletant
density.7 Here, it seems that the effect of the chains saturates
when they reach their overlap density and that this feature is
present only when the chains have a size comparable to that of
the stars. The novelty arises from the soft nature of the cross-
interaction potential,Vsc(r), as opposed to the hard interactions

encountered in colloid mixtures and can be traced back to the
increased penetration of the chains into the stars as their density
grows.

To provide an independent check on this phenomenon and
to understand better the role of the penetrability, we have
calculated the depletion force between the stars using an
alternative approach, the superposition approximation.40 The
geometry is shown in Figure 7. Let the star on the left be placed
at the origin and a second star be at separationr from the first.
The two are immersed in a solution of linear chains, and the
local chain density at positions is Fc(s;r ), depending para-
metrically on the star-star separation. We consider the chain-
mediated force acting on the star at the origin, which we call
depletion force,Fdep(r); it is positive if it repels the two stars
and negative otherwise. With this convention, we consider now
the quantityFdep(r) ) -r̂ ‚Fdep(r), which is given by

whereω ) cosθ. In the superposition approximation, the chain
density Fc(s;r ) is decomposed as a product of the radial
distributions of two isolated stars, shifted by the distancer , i.e.

With this approximation we obtain

where

Figure 5. Mean force between the star and chain as a function of the distance of the star and chain center. The circles denote the simulation results,
and the solid line denotes the results from the theoretic modeling. The force is calculated for (a)f ) 20, Ns ) 50, Nc ) 40; (b) f ) 35, Ns ) 50,
Nc ) 40; (c) f ) 50, Ns ) 100,Nc ) 200; and (d)f ) 100,Ns ) 50, Nc ) 200.

Fdep(r) ) -2π ∫0

∞
r2

dVsc(r)

dr ∫-1

1
Fc(r ;R1,R2)ω dω dr

(32)

Fc(s;r ) ) Fcgsc(s) gsc(|s - r |) (33)

Fdep(r) ) -2π∫0

∞
h(r,s) ds (34)

h(r,s) ) Fcs
2
dVsc(s)

ds
gsc(s) f(r,s) (35)
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and

In Figure 8, we show the individual terms that are involved
in Fdep(r), in order to gain some insight into the mechanism
that leads to the insensitivity of the depletion force and thus of
the effective one, since the latter is the sum of the depletion
force and the direct star-star force. When functions of the two
variablesr ands are shown, we fix the interstar separation to
the valuer ) 1.5σs, for which, according to Figure 6c,Veff(r)
hardly changes withFc, and we plot the functions against the
integration variables.

The angularly averaged radial distributionf(r ) 1.5σs, s)
(Figure 8b) is strongly dependent on depletant density. Interest-
ingly, though, it is most negative for the lowest density, and its
magnitude decreases for increasing density. The reason for this
behavior lies in the penetrability ofgsc(r) shown in Figure 8a.
Because of the additional presence of theω-term in the
integrand, the functionf(r,s) would vanish identically if the
function gsc(z) were equal to unity for allz. An increase inFc

and the concomitant penetration inside the soft core pushesgsc

precisely in this direction and causesf(r,s) to decrease in
magnitude.

This decrease is compensated again upon multiplication with
Fc andgsc(s), which yield the functionh(r,s) (eq 35) shown in
Figure 8c. Indeed, the three curves for the three different
densities integrate to very similar values. Again, a partial role
is played by the multiplication off(r,s) with gsc(s), which
penetrates deeper into the star whenFc increases without
developing any pronounced correlation structure. These are the
signatures of the ultrasoft cross-interactions; thus, this phenom-
enon is absent for the depletion force between impenetrable
colloids. Finally, in Figure 8d, we show the resulting depletion
force from the superposition approximation. In full consistency
with the results from the inversion ofgss(r;Fs,Fc) (eq 31), there
is hardly any variation withFc for r J 1.5σs whenFcσc

3 J 1.
Note that the depletion forcedoeschange withFc for smaller
separations, yet this effect is masked by the direct forceFss(r)
) -dVss(r)/dr, which is much larger in magnitude than the
depletion force at such length scales.

It is tempting to associate this phenomenon with a worsening
of solvent quality for the stars as chains are added. Once the
latter have reached and exceeded their overlap concentration,
the solvent has reached the vicinity of theΘ-point, and hence
the stars feel the effective interaction akin toΘ-like conditions.
Further increase of the chain concentration within the semidilute
regime does not bring about any additional change of solvent
quality; hence, the effective interaction does not change
anymore. It is intriguing that the coarse-grained description may
be able to reproduce such a behavior, and further investigations
are needed to explore a possible deeper connection with the
classical theory of polymers. Our findings may explain, however,
the experimentally observed insensitivity of the behavior of star
polymer gels upon addition of linear chains, when the chain-
star size ratio exceeds, roughly, the value 0.5 (see ref 23).

2. Cluster Formation.An interesting phenomenon taking
place in star-linear mixtures at very low concentrations is that
of cluster formation between the stars, when the added chains
approach or exceed their overlap concentration.24,25 This has

Figure 6. Effective interaction between the stars modified by the
presence of the chains. The functionality isf ) 73 in all cases; the size
ratio is indicated in the figure.

Figure 7. Geometry of two stars, separated by the vectorr and being
immersed in a sea of linear chains (not drawn). The star on the left is
positioned at the origin. At the point described by the position vector
s, the chain density isFc(s;r ), where the second argument indicates its
dependence on the star separationr . The arrow denotes the direction
along which the effective force acting on the star on the left is chosen
as positive.

f(r,s) ) ∫-1

1
gsc(xr2 + s2 - 2rsω)ω dω (36)
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been experimentally documented by a sudden increase of the
measured hydrodynamic radius of the stars at the overlap
concentration of the chains, by as much as an order of
magnitude. Clearly, the measured hydrodynamic radius is not
that of a single star, but it corresponds rather to a clump (cluster)
formed by many stars and stabilized by the presence of the
chains. The conditions under which equilibrium clusters form
in soft-matter systems have been the subject of intensive
investigations recently.24,25,41-47

The current understanding of the mechanism that drives the
formation of stable, equilibrium cluster rests on the role played
by the existence, in the effective interaction, of a short-range
attractive well followed by a long-range repulsive hump.
Although extremely short-range attractions and long-range
repulsions were initially employed,41-43 it has been shown that
also moderate values of the same can lead to the formation of
clusters.24,25,44-46 Moreover, the interaction at short particle
overlaps need not be hard; even the soft star-polymer type
interactions are sufficient.44 The attractions can even be dropped,
and still clusters will form if the repulsion is ultrasoft, allowing
full particle overlaps and decaying sufficiently fast to zero at
large separations.48

Here, we employ the accurate cross-interactionVsc(r) along
with the other two interactions,Vss(r) andVcc(r), to investigate
the existence and stability of star clusters due to the added
chains. In this way, we improve over previous studies that
employed a heuristic cross-interaction in the center-of-mass
representation.24,25In order to investigate cluster formation, we
examine the star-star structure factor of the system. We probe
the dependence of the cluster formation on the star functionality
and the size ratio between the star and the added polymer. The
presence of clusters is signaled by the appearance in the star-
star structure factor of a new length scale that is larger than the
typical star-star separationas ) Fs

-1/3.

In Figure 9, we show the development of the structure factor
at fixed star densityFsσs

3 ) 0.05 on increasing the chain
concentration for star functionalityf ) 73 and chain-to-star size
ratioê ) 0.3. Upon increasingFc, the peak height first decreases
and shifts to largerq, then the peak splits, and a new peak at
smallq appears. The length scale which is associated with this
value is much larger than the size of the individual stars;
therefore, we associate this length scale with the formation of
equilibrium clusters in the system. Eventually, for even higher
chain concentrations, the maximum in the structure factor will
shift to q ) 0, signaling the approach of a macroscopic phase
separation for large polymer densities. Note that the equilibrium
clusters, as signaled by the development of a prepeak in the
star-star structure factor, appear when the chains reach their
overlap concentration, in agreement with experimental measure-

Figure 8. (a) Star-linear cross-distribution functiongsc(r) for f ) 73, ê ) 0.5, star densityFs ) 0, and chain densities as indicated in the legend.
(b) Functionf(r;s) of eq 36 atr ) 1.5σs. (c) FunctionFch(r,s) defined in eq 35 forr ) 1.5σs. (d) Full depletion force in the superposition approximation.
Note the insensitivity toFc for r > 1.5σs.

Figure 9. Star-star structure factorSss(q) at different chain concentra-
tions for star functionalityf ) 73. The star number density is kept
constant atFsσc

3 ) 0.05.
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ments.25 The organization of the stars into aggregates is in
agreement with the characteristics of the effective star-star
interaction shown in Figure 6b. Indeed, for this particular size
ratio,ê ) 0.3,Veff(r) displays a short-range attraction, followed
by a repulsive hump. The rather weak prepeak in the structure
factor points to the existence of fluctuating clusters, which
exchange particles, as opposed to a cluster phase with tightly
bounded supramolecular aggregates. For small size ratios, e.g.,
ê ) 0.1, the effective interaction is devoid of a repulsive hump
(see Figure 6a), and thus the system is driven into macrophase
separation that is not preceded by the appearance of stable
clusters with a well-defined size. For higherê values, the chains
do not induce any attraction between the stars (see Figure 6c);
thus, again no clusters appear. These facts demonstrate that
cluster formation is very sensitive on the physical characteristics
of the constituents and can be steered by external control of
the size ratio, for instance.

B. Mixtures for High Star Concentrations. Finally, here
we turn our attention to a physical situation that is specular to
the one discussed in the preceding subsection, namely high star
concentration and low chain concentration. Also in this case,
the chains can have a dramatic impact in the behavior of the
dense star solution. It is known that high functionality star
polymers undergo a dynamical arrest transition at a certain
critical densityFs

cr, roughly at Fs
cr σs

3 = 0.4. This structural
arrest, seen in rheological5,49,50 and light scattering experi-
ments,24 has also been investigated theoretically within the
framework of mode-coupling theory51 (MCT) based on the
interaction potentialVss(r). The arrest can be identified with a
glass transition that arises from the mutual repulsions between
stars that lead to caging. Accordingly, it is absent for function-
alities f j 50, for which the interstar repulsion of eq 3 is not
strong enough to sustain self-supporting cages.

The influence of multistar additives on this soft colloidal glass
has been investigated for binary star polymer mixtures.52 As
far as the effect of linear additives is concerned, experimental
studies of star polymer-linear chains mixture find a chain
induced melting of the star polymer glass, which is caused by
a softening of the star-star repulsion.23 Here, we investigate
the phenomenon applying the accurate cross-interaction potential
Vsc(r). Already the information encoded in Figure 6 points to
the fact that the additives should have the effect of melting the
star glass. Indeed, they bring about invariably a reduction of
the interstar repulsion due to a classical depletion effect. In this
way, the stars, in the presence of the linear polymer, become
more penetrable, and this leads to a reduction of the interstar
correlations and a reduction of the peak height in the star-star
structure factorSss(q). This can be seen in the main plot of Figure
10, which shows a characteristic example forSss(q) of f ) 122-
arm stars at densityFsσs

3 ) 0.4 lightly above the critical glass
concentration. There is a small reduction of the peak height
upon addition of chains, which is nevertheless sufficient to cause
restoration of ergodicity, since we are right at the brink of the
ergodic-to-nonergodic transition.

To study the dynamics and vitrification in this system, we
employ ideal mode coupling theory.53,54 Assuming that the
polymer remains mobile in the mixture, we can base our analysis
on one-component MCT, using only the structure factors of the
stars as input.52,55The object of main interest from MCT is the
star-star nonergodicity factorfss(q), which expresses thet f
∞ limit of the density time-autocorrelation function. Thus,
fss(q) ) 0 for an ergodic state in which all density fluctuations
decay exponentially in time, butfss(q) * 0 for an ideal glass.
The inset of Figure 10 shows the evolution of the nonergodicity

factor upon addition of chains and manifests the transition from
a glassy to an ergodic state at some critical chain concentration.
A compilation of MCT results for various parameter combina-
tions is finally show in Figure 11. This represents a kinetic phase
diagram of the system, as obtained by ideal MCT, and again
manifests the influence of the composition of the mixture on
the dynamics of the system. The basic trends are in agreement
with the experimental findings in ref 23 as well as comparable
to the behavior for binary star polymer mixtures when the small
component remains mobile in the matrix formed by the big
one.52 The chain number density required to melt the glass
decreases with increasing size ratioê. The glass melting of the
stars can be interpreted as a worsening of the solvent quality
for the stars upon addition of the chains.57

V. Conclusions

We have derived accurate effective interactions between star
polymers of functionalityf and linear homopolymer chains. The

Figure 10. Main plot: the star-star structure factor forf ) 122-arm
stars at densityFsσs

3 ) 0.4. Solid line: no added chains,Fcσc
3 ) 0.

Dashed line: with added chains of size ratioê ) 0.3 and densityFcσc
3

) 0.26. Note the small but clear decrease of the height of the main
peak. Inset: the star-star nonergodicity factorfss(q) for the same
mixture, at fixed star concentrationFsσs

3 ) 0.4 and increasing chain
density as indicated in the legend. Below the threshold valueFcσc

3 )
0.26, the nonergodicity factor is finite, corresponding to an arrested
state, whereas atFcσc

3 ) 0.26, fss(q) ) 0, denoting restoration of
ergodicity.

Figure 11. Ideal MCT transition lines for star polymers withf ) 122
and f ) 263. Here, the star densities are fixed atFsσs

3 ) 0.4 for f )
122 andFsσs

3 ) 0.35 for f ) 263. The points denote the density of
chains that is needed to reach the nonergodic-to-ergodic transition as
a function of the size ratio. The lines are a guide to the eye. Above the
line corresponding to eachf the system is fluid and below glassy.
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latter have been coarse-grained in the mid-monomer representa-
tion, a choice that renders them equivalent tof ) 2 stars with
half the degree of polymerization per arm. Together with the
previously derived star-star and chain-chain interactions, this
allows for a full, coarse-grained description of star-linear
polymer mixtures and the calculation of the static pair structure
of the system. To the extent that statics dictates also dynamical
arrest, as in the case of the MCT scenario for the glass transition,
the coarse-grained description also allows for predictions
regarding the rheological state of the mixture and the influence
of the chains on the flow of the stars. We have confirmed a
host of phenomena observed experimentally, such as cluster
formation and glass melting, by using this accurate representa-
tion. It is rewarding that this approach does not alter the results
obtained previously, when the chains were coarse-grained in
the center-of-mass representation and a more empirical form
of the cross-interaction was used.23,25In this respect, the results
of this work are compatible with the requirement that the choice
of the effective coordinates should not alter the physics of the
problem at hand, although, of course, it alters the form of the
effective interactions employed. The equivalence of the physical
results is only guaranteed, however, when the employed
effective interactions do not involve too drastic approximations,
i.e., when they capture the physics of the system correctly. A
similar equivalence of the center-of-mass vs mid-monomer
representations was recently established for colloid-polymer
mixtures.56

A very useful tool that arises out of a second coarse-graining
procedure is the chain-modified star-star effective interaction
potential. In this work, we established that the form of the latter
strongly depends on size ratio. It can feature attractive wells
with or without subsequent repulsive humps, or it can differ
only slightly from the bare star-star interaction as the size ratio
grows. The present work dealt with good and athermal solvents.
A question of great interest is the coarse-grained description of
star-linear mixtures in marginal or evenΘ-solvents. Experi-
mental results on such systems suggest that, once more, the size
ratio of the mixture plays a crucial role.57 For small size ratios,
the chains penetrate into the innermost part of the stars, thereby
effectively improving solvent quality, an effect opposite to that
in good solvents. For large size ratios, however, the chains cause
star shrinking.57 It is a challenging task to attempt a coarse-
graining procedure for the case of marginal solvents and to
investigate the systematic differences with the good-solvent
effective interactions and their ability to describe the experi-
mental findings of ref 57.
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